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We analyze Vaidman’s three-path interferometer with weak path marking [Phys. Rev. A 87,
052104 (2013)] and find that common sense yields correct statements about the particle’s path
through the interferometer. This disagrees with the original claim that the particles have discontin-
uous trajectories at odds with common sense. In our analysis, “the particle’s path” has operational
meaning as acquired by a path-discriminating measurement. For a quantum-mechanical experimen-
tal demonstration of the case, one should perform a single-photon version of the experiment by
Danan et al. [Phys. Rev. Lett. 111, 240402 (2013)] with unambiguous path discrimination. We
present a detailed proposal for such an experiment.
PACS numbers: 03.65.Ta, 42.50.Dv, 42.50.Xa
I. INTRODUCTION
Vaidman argues that one can meaningfully talk about
the past of a quantum particle — specifically: which
path it took through an interferometer — by analyzing
the faint trace left along the path by weak, almost non-
disturbing, measurements within a formalism that uses
forward and backward evolving quantum states [1, 2]. He
so arrives at conclusions that contradict common sense:
The particle can have trajectories that are not contin-
uous. These assertions are confirmed, or so it seems,
by an experiment that uses periodic beam deflections
at acoustic frequencies to mark the path in an optical
three-path interferometer [3]. Various aspects of this
matter have been debated [4–35]: whether there is a
need for the backward evolving state and the weak val-
ues of the two-state formalism, and how to exploit them
correctly; whether the experiment can be described by
classical optics or by standard quantum-optical methods;
whether a consistent-histories description is more appro-
priate; whether a modified experiment is enlightening;
and others. The debate is still going on.
One particular aspect, however, has not yet received
the attention it deserves, viz. the crucial step of extract-
ing unambiguous which-path information from the faint
traces left by an individual particle on its way through
the interferometer. This extraction gives operational and
quantitative meaning to the otherwise vague concept of
“knowledge about the past of the quantum particle.”
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We acquire such specific knowledge about the path of
a particle just detected by a suitable measurement of the
quantum degrees of freedom that are used to mark the
path. In this context, what we learn depends much on
the question we ask by the chosen measurement, and not
all questions are equally relevant. It turns out that com-
mon sense prevails if the right question is asked.
Our treatment is entirely within the standard formal-
ism of quantum mechanics and does not rely on the two-
state formalism [36, 37] employed by Vaidman. While
we do not question the validity of the two-state formal-
ism, we see no particular advantage in using it; the stan-
dard formalism offers a transparent way for studying the
properties of ensembles that are both pre-selected and
post-selected.
We set the stage by reviewing Vaidman’s three-path
interferometer in Sec. II, thereby introducing the conven-
tions we use for labeling the four beam splitters, the three
paths through the interferometer, and the five check-
points along the paths. Owing to the high symmetry
of the setup, only one common-sense path is available for
the particles from the source to the detector.
We then note the description of the pre-selected and
post-selected interfering particles in terms of a forward
and a backward propagating wave function. Both wave
functions are equally crucial in Vaidman’s criterion for
establishing where the particle has been at intermediate
times. We state this criterion in Vaidman’s words [24]
and then recall his narrative of the particles’ history as
it follows from his interpretation of the two wave func-
tions and the weak values associated with the three paths.
In this narrative the particles propagate along all three
paths, which is at odds with the single-path story told
by common sense [1].
Section III deals with the weak path marking by which
a particle leaves faint traces at the various checkpoints
on its way from the source to the detector. We conclude
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2that destructive interference suppresses the traces at two
checkpoints, which explains why a particle has a discon-
tinuous trajectory in Vaidman’s narrative.
Then, in Sec. IV, we examine the faint traces left by the
particle just detected. Unambiguous path knowledge —
with an operational and quantitative meaning — is avail-
able for a small fraction of the particles, and the path is
unknown for all others. Upon noting that the probabil-
ity amplitudes processed by the final beam splitter are
incoherent, we present an argument that the particles
with unknown path have, in fact, followed the common-
sense path; in the limit of ever fainter traces, these are all
particles. This conclusion is further supported by an ex-
amination of the subensembles of unambiguously known
paths or an utterly unknown path and also by the consid-
erations of Sec. V where we re-examine the faint traces
by another measurement.
In Sec. VI, we take a close look at the two-path in-
terferometer in Vaidman’s three-path setup. We confirm
that every particle detected at the exit for destructive
interference has a known path, and explain why this is
consistent with unknowable paths as the precondition for
perfect interference, constructive or destructive. Vaid-
man’s narrative is at odds with common sense for the
two-path interferometer, too; in addition, the weak val-
ues for the paths have singular imaginary parts.
We propose a single-photon experiment for the two-
path interferometer with weak path marking in Sec. VII.
An account of the laboratory realization of this proposal
will be reported elsewhere [38].
Finally, in Sec. VIII we propose a single-photon version
of the three-path interferometer experiment of Ref. [3].
This proposal has not been realized as yet. Once per-
formed, it will demonstrate that common sense does pre-
vail.
II. VAIDMAN’S THREE-PATH
INTERFEROMETER
Vaidman’s three-path interferometer of Ref. [1] is de-
picted in Fig. 1 with the labeling conventions of Ref. [3].
The particle (photon or otherwise) is emitted by source
S and detected by detector D, which it can reach along
either one of the three paths identified by the five check-
points A, B, C, E, and F. The setup is symmetric because
the unitary three-by-three matrices for beam splitters BS1
and BS4 are the same as are the matrices for beam split-
ters BS2 and BS3 [39],
U1 = U4 =
1√
3
√3 0 00 −1 √2
0
√
2 1
 ,
U2 = U3 =
1√
2
 1 1 0−1 1 0
0 0
√
2
 . (1)
They act on three-component columns of probability am-
plitudes associated with the paths labeled i, ii, or iii
in Fig. 1.
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FIG. 1. Vaidman’s three-path interferometer of Ref. [1]. The
quantum particle is emitted by source S, enters the interfer-
ometer at beam splitter BS1, and is detected by detector D
after exiting at beam splitter BS4. On the way from S to D,
the particle can take the path through checkpoint C, or the
paths through the internal Mach–Zehnder loop identified by
checkpoints A and B. As a consequence of a weak coupling to
the path-marker degrees of freedom, the particle leaves faint
traces at these checkpoints, which enable the experimenter to
infer the path actually followed. The additional checkpoints
at E and F monitor passage into and out of the internal loop.
The faint slanted lines connect simultaneous points on the
three paths.
For instance, the column
(
0 0 1
)†
stands for the par-
ticle emerging from source S and also for the state probed
by detector D. With no relative phases introduced in the
various links inside the interferometer, the probability
that D detects the next particle emitted by S is∣∣∣∣∣∣∣
 00
1
†U4U3U2U1
 00
1

∣∣∣∣∣∣∣
2
=
1
9
. (2)
Figure 2 gives a more detailed account: The thick-
ness of the blue lines is proportional to the probability
of finding the particle there, should we look for it. As a
consequence of the symmetry of the setup, the particle
has equal chance of being found at checkpoints A, B, or
C. We note that the Mach–Zehnder interferometer of the
internal loop is balanced, so that the particles do not pass
checkpoint F. Accordingly, common sense tells us that all
particles detected by D followed the path through check-
point C and none of them came along EAF or EBF.
This common-sense conclusion is not shared by Vaid-
man [1]. At the heart of his reasoning is a second state
for which the relative probabilities are indicated by the
thickness of the red lines. This fictitious state addresses
the following question: How would we need to prepare
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FIG. 2. Probabilities of finding the quantum particle between
the source and the detector. The thickness of the blue lines is
proportional to the probability of finding the quantum parti-
cle there if we look for it. There are equal probabilities of 1
3
at checkpoints A, B, and C, probability of 2
3
at E, no prob-
ability at F, and the probability of reaching detector D is 1
9
.
The red lines refer to the fictitious situation of preparing the
quantum particle with non-zero amplitudes at all three entry
ports such that it reaches D certainly.
the particle so that it will be surely detected by detec-
tor D? Answer: We choose the probability amplitudes
 00
1
†U4U3U2U1

†
=
1
3
−√6√2
1
 . (3)
It is as if the particle were injected into the interferom-
eter by the detector and propagating backward in time.
There is no mystery here, however. The actual parti-
cle emerges from the source and the blue lines in Fig. 2
apply.
Of course, the mathematical formalism offers the flexi-
bility of evaluating the probability amplitudes of Eq. (2)
in various ways, depending on which of the matrices in
the product U4U3U2U1 act to the right and which act to
the left. For each such split, we can find the so-called
weak values of the projectors onto the three paths, as
illustrated by
(
1
3
)−1 00
1
†U4U3
 10
0
 10
0
†U2U1
 00
1
 = −1 (4)
for path i in the symmetric split. The normalizing pref-
actor divides by the amplitude that is squared in Eq. (2).
By definition, then, the weak values for the three paths
have unit sum for each split.
The three weak values for all five splits are reported
in Table I. We observe that all three weak values have
TABLE I. The weak values of the projectors on the three
paths for different ways of splitting the product U4U3U2U1
into operators acting to the right and to the left. The projec-
tors are inserted at the split, indicted by the vertical line |.
All Us act to the right in the first row, all act to the left in
the last row.
weak values
split i ii iii∣∣U4U3U2U1 0 0 1
U4
∣∣U3U2U1 0 0 1
U4U3
∣∣U2U1 −1 1 1
U4U3U2
∣∣U1 0 0 1
U4U3U2U1
∣∣ 0 0 1
unit magnitude for the symmetric split of the third row,
which refers to projecting on the paths at checkpoints A,
B, and C. For all other splits, the weak values for paths i
and ii vanish.
Consistent with this observation, we have coexisting
blue and red lines in Fig. 2, of equal thickness even, on
the path along checkpoint C and also inside the internal
loop. In Vaidman’s view, the particle could only have
been in these regions where we have both the blue and
the red probabilities [24]:
The particle was present in paths of the inter-
ferometer in which there is an overlap of the
forward and backward evolving wave functions.
(5)
In his narrative of the particle’s history on the way from
the source to the detector, then, the particle was inside
the internal loop at intermediate times, but it did not
pass checkpoint E (no red probability) nor checkpoint F
(no blue probability): The particle was inside the loop
but it did not enter or leave. At a certain instant, the
particle was at checkpoints A and B and C simultane-
ously [40] (and could have left a weak trace at all three
checkpoints).
Yet, we surely find the one particle traversing the in-
terferometer in one place only whenever we look for it.
Nobody is looking, however. It is impossible to reconcile
this narrative with common sense.
One could shrug and leave it at that. As outrageous
as they may be, we cannot test statements about the
particle’s whereabouts unless we observe it on its way
from the source to the detector. This observation has
to be gentle on the particle in order to not disturb the
delicate balance of the interferometer. Something of this
kind is accomplished by the weak path marking in the
optical experiment reported by Danan et al. in Ref. [3].
And, yes, the data show equally strong traces from check-
points A, B, and C but no traces from checkpoints E and
F; see Fig. 3, where we reproduce the power spectrum of
Figs. 2(b) and 3 in [3].
Yes, these data are consistent with Vaidman’s nar-
rative, but does the experiment really demonstrate the
case? No, it doesn’t, for at least two reasons. First,
4270 280 290 300 310 320 330 340
frequency [Hz]
↓ ↓ ↓ ↓ ↓
A B C E F
FIG. 3. Data collected in the experiment by Danan et al. [3].
In this optical version of Vaidman’s three-path interferome-
ter, light propagates through the interferometer in a horizon-
tal plane. Path information is encoded by slightly deflect-
ing the light beams out of this plane. This is achieved by
mirrors (not drawn in Fig. 1) at the checkpoints that oscil-
late about a horizontal axis with a small amplitude. The
resulting upward or downward displacement at the detector
(∼ 600 nm) is quite small compared with the transverse co-
herence length of the light (∼ 1.2 mm) in order to ensure the
weakness of the path marking. The detector registers sep-
arately the light intensities above and below the horizontal
plane, and the squared Fourier transform of their difference is
the reported power spectrum, reproduced here from Figs. 2(b)
and 3 in [3]. The five mirrors at the five checkpoints oscillate
with different frequencies between 280 Hz and 335 Hz, so that
the five well-separated peaks in the power spectrum can be
associated with individual mirrors. The peaks for checkpoints
A, B, and C are of about equal height and much higher than
those for checkpoints E and F, which are buried in the noise.
the experiment is performed with classical light inten-
sities, and one does not need quantum mechanics for a
comparison with theoretical predictions; Maxwell’s elec-
trodynamics is quite sufficient. Although one could in-
voke that, for such linear-optics circumstances, there is a
one-to-one correspondence between light intensities and
photon probabilities [41], it remains true that the exper-
iment by Danan et al. does not make any information
available about individual photons.
Second, the data are perfectly consistent with an al-
ternative story: Each photon of a small fraction leaves a
discernible trace at checkpoint A or at B or at C, while
most photons leave no trace at all. This interpretation of
the data, which is as natural as that offered in [3] if not
more so, does not support Vaidman’s criterion (5). (As
discussed in Sec. III, the peaks for checkpoints E and F
are suppressed by destructive interference.)
On the basis of the data reported by Danan et al.,
one cannot tell whether Vaidman’s narrative or the al-
ternative story is correct. A single-photon version of the
experiment is needed to decide the matter. Zhou et al.
[32] do send single photons through the three-path inter-
ferometer, but their detection method is unable to ex-
tract all the available path information, and as such is
little better than the original experiment in resolving the
narrative. We present a proposal for a single-photon ex-
periment that achieves full path-information extraction
in Sec. VIII.
Such a single-photon experiment allows for a meaning-
ful statement about the path taken by the photon just
detected. The data of the classical-light experiment are
good enough for ensemble averages (expectation values).
Whether an individual photon leaves a trace at A, at B,
or at C, however, can only be inferred in a single-photon
experiment. Our analysis concerns this single-photon sit-
uation, and the weak values of Table I play no role in it.
We predict that the data of an experiment with single
photons will speak against Vaidman’s narrative and in
favor of the alternative story.
III. WEAK PATH MARKING
The oscillating-mirror method of imprinting a path
mark on the light in the experiment of Danan et al. [3],
see the caption to Fig. 3, does not lend itself to extraction
of path knowledge about an individual photon, should
one execute the experiment in a single-photon fashion.
Statements of the kind “the particle (= photon) is inside
the internal loop after passing checkpoint E and before
reaching checkpoint F” take for granted that the photon
is sufficiently localized — having a longitudinal extension
of 3 cm, say, roughly one-tenth of the distance between
beam splitters BS2 and BS3 (an example of Vaidman’s
“localized wave packet” [1]). Then, the photon takes
∼ 0.1 ns to pass a point on its trajectory. The mirrors,
which have oscillation periods of several milliseconds, are
standing still for lapses of time so short. None of the fre-
quencies of the mirror oscillations is imprinted on the
photon. An individual photon is simply deflected up or
down a bit, either by the mirror at checkpoint C or jointly
by the mirrors at E, A or B, and F.
We cannot infer the path taken from the observed de-
flection, as we cannot tell which mirror(s) deflected the
photon [42]. Therefore, we do not examine the exper-
iment of Danan et al. [3] in further detail, and rather
exploit entanglement of a more immediately useful kind
for the path marking and the extraction of path informa-
tion.
For the path marking, we use weak interactions at the
checkpoints, described by unitary operators A, B, C, E,
and F that differ slightly from the identity operator and
act on certain quantum degrees of freedom other than the
path degree of the interferometer. These marker degrees
of freedom are initially not correlated with the particle’s
path degree of freedom, and we write ρ for the statistical
operator of the initial path-marker state.
Then, the very small probability  that the next parti-
cle reaches checkpoint F is
 = tr
{
TFρT
†
F
}
=
〈
T †FTF
〉
, (6)
where the trace is over the path-marker degrees of free-
dom and
TF =
 01
0

†
U3
A 0 00 B 0
0 0 C
U2
 1 0 00 E 0
0 0 1
U1
 00
1

5=
1√
6
(B −A)E (7)
so that
 =
1
6
〈
E†(B −A)†(B −A)E〉 . (8)
We have 0 <  1 under the weak path-marking circum-
stances of interest, when the particle leaves but a faint
trace of its path through the interferometer.
The unnormalized final state of the path marker, con-
ditioned on the particle detection by D, is TfinρT
†
fin with
Tfin =
 00
1

†
U4
 1 0 00 F 0
0 0 1
U3
A 0 00 B 0
0 0 C
U2 (9)
×
 1 0 00 E 0
0 0 1
U1
 00
1
 = 1
3
[
C + F (B −A)E]
where the coefficients +1, +1, and −1 for C, FBE, and
FAE, respectively, are reminiscent of the weak values in
Table I but do not have the weak-value meaning. The
probability of detecting the particle is
tr
{
TfinρT
†
fin
}
=
〈
T †finTfin
〉
=
1
9
〈[
C + F (B −A)E]†[C + F (B −A)E]〉 , (10)
and the normalized final state of the path marker is
ρfin =
TfinρT
†
fin〈
T †finTfin
〉 (11)
=
[
C + F (B −A)E]ρ[C + F (B −A)E]†〈[
C + F (B −A)E]†[C + F (B −A)E]〉 .
Since we want to investigate the faint traces left at in-
dividual checkpoints, we shall now take for granted that
each checkpoint has its own path-marker degree of free-
dom and that there are no initial correlations between
the marker degrees of freedom [43]. Accordingly, A, B,
C, E, and F commute with one another and ρ factorizes,
ρ = ρAρBρCρEρF . (12)
Then we have
 =
1
6
〈
(B −A)†(B −A)〉 = 1
3
− 1
3
Re
(〈A〉∗〈B〉) (13)
and〈
T †finTfin
〉
=
1 + 6
9
− 2
9
Re
((〈A〉 − 〈B〉)〈C〉∗〈E〉〈F 〉)
(14)
where 〈X〉 = trX{XρX} for X = A,B,C,E, F . We re-
cover  = 0 and
〈
T †finTfin
〉
= 19 for A = B = 1, as we
should.
The final statistical operator for checkpoint E is ob-
tained by tracing ρfin over the other checkpoints, with
the outcome
ρE,fin =
1
9
〈
T †finTfin
〉[ρE + 6EρEE† (15)
− 2Re
(
EρE
(〈A〉 − 〈B〉)〈C〉∗〈F 〉)] ,
where Re(X) = 12 (X +X
†) for operator X, and there is
an analogous expression for ρF,fin. The final statistical
operator for checkpoint C is
ρC,fin =
1
9
〈
T †finTfin
〉[CρCC† + 6ρC (16)
− 2Re
(
ρCC
†(〈A〉 − 〈B〉)〈E〉〈F 〉)].
We note that 6 multiplies the initial state ρC here
whereas this factor multiplies the transformed EρEE
† in
ρE,fin.
The symmetry of the interferometer should be affected
minimally by the weak measurement. In particular, we
do not want to unbalance the internal Mach–Zehnder
loop more than is unavoidable. Therefore, we require
〈A〉 = 〈B〉, with their values determined by Eq. (13),
〈A〉 = 〈B〉 = √1− 3 (17)
and so arrive at 〈
T †finTfin
〉
=
1 + 6
9
(18)
as well as
ρE,fin =
ρE + 6EρEE
†
1 + 6
(19)
and
ρC,fin =
CρCC
† + 6ρC
1 + 6
. (20)
Since  1, we have ρC,fin ' CρCC† and ρE,fin ' ρE,
consistent with the observation in the experiment of
Ref. [3]: The particle leaves a trace at checkpoint C but
not at E.
To shine some light on this matter, let us consider what
happens when only E is a genuine path-marking operator
while A, B, C, and F do not entangle and just introduce
phase factors eiα, eiβ , eiγ , and eiφ. Then the final state
of Eq. (11) is
ρfin∝
[
eiφ
(
eiα − eiβ
)
E − eiγ
]
ρ
[
eiφ
(
eiα − eiβ
)
E − eiγ
]†
(21)
where we leave the normalization implicit. The strength
with which E acts is determined by the probability am-
plitudes eiφeiα and eiφeiβ for the paths associated with
6checkpoints A and F or B and F, respectively. Their
difference is the net amplitude
eiφ
(
eiα − eiβ
)
= 2iei[φ+
1
2
(α+ β)] sin
α− β
2
, (22)
which vanishes if we have perfect destructive interference
at beam splitter BS3 for the particles on the way to BS4.
If there is a nonzero relative phase 12 (α−β) in the internal
loop, operator E does act and the particle leaves a trace
at checkpoint E.
This solves the “mystery of the missing trace:” The
destructive interference that makes it hard for the parti-
cle to reach checkpoint F makes it equally hard to leave a
trace at checkpoint E. It is clear, then, that the absence
of a trace at checkpoint E does not indicate that the par-
ticle did not get there. Rather, it was not given a chance
to leave a trace of its passage [44]. A similar observation
(for  = 13 ) was made by Bartkiewicz et al. [13].
There are various manifestations of destructive inter-
ference in the three-path interferometer of Fig. 1. The
lack of blue probability in Fig. 2 between beam splitters
BS3 and BS4 is one, the lack of red probability between
BS1 and BS2 is another. We regard the latter as destruc-
tive interference of the red amplitudes at BS1; Vaidman
would view it as destructive interference of backward-
traveling red amplitudes at BS2. From either perspec-
tive, there is no mystery unless we choose to mystify the
familiar phenomenon of destructive interference.
Accordingly, we improve on Vaidman’s statement that
the particle was inside the internal loop but did not enter
or leave: The particle was inside but did not leave traces
when entering and leaving.
IV. WHICH-PATH KNOWLEDGE
A. Unambiguous path discrimination
In expressions such as ρfin in Eq. (11), operators E and
F always appear together with A or B. No useful infor-
mation (if any) can be extracted from the path markers
at checkpoints E and F that is not already made avail-
able at A and B. Therefore, we put E = F = 1 and shall
only work with A, B, and C.
We can then verify that the path marking works al-
right by removing beam splitters BS3 and BS4 and using
three detectors, one at each output port; see Fig. 4. The
matrices for the unitary operators U3 and U4 of Eq. (1)
are here replaced by
U3 =
 0 1 01 0 0
0 0 1
 , U4 =
 1 0 00 0 1
0 1 0
 . (23)
Just before the particle is detected, the joint state of the
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FIG. 4. Marking the path through the interferometer. Uni-
tary operators A, B, and C are acting on the path-marker
degrees of freedom when the particle passes through the re-
spective checkpoints A, B, or C. Here, beam splitters BS3
and BS4 are removed, and the conditional states of the path
marker are indicated at the exit ports: AρA†, BρB†, and
CρC† for the paths through checkpoint A, B, or C, respec-
tively, where ρ is the initial state of the path marker.
particle and the path marker is
1
3
BC
A
ρ
BC
A

†
. (24)
The diagonal elements of the three-by-three matrix for
the path degree of freedom — these are 13BρB
†, 13CρC
†,
and 13AρA
† — are the unnormalized final path-marker
states conditioned on detecting the particle at exits i, ii,
or iii, respectively, after passing the corresponding check-
point B, C, or A. The traces of these diagonal elements
are the respective probabilities, each equal to one-third.
We acquire which-path knowledge by a measurement on
the path-marker degrees of freedom that distinguishes
between the states AρA†, BρB†, and CρC†, which label
the corresponding exit ports in Fig. 4.
It is important that there is an operational confirma-
tion of the which-path knowledge thus gained. For this
purpose, one experimenter (Alice) takes note which of
the three detectors found the particle, and a second ex-
perimenter (Bob) examines the path marker to find out
which checkpoint was visited. Bob has various strategies
at his disposal, among them two particularly important
ones.
In the first strategy, Bob makes an educated guess
about each particle’s path and maximizes his chance of
guessing right. For this purpose, he employs the so-called
minimum-error measurement [45], and will guess right as
often as possible without, however, being sure about even
one particle’s path. In the second strategy, he wants to
be absolutely sure about the paths of some particles at
the expense of having no clue which path was taken by
the other particles, and chooses his measurement such
that the fraction of particles with surely-known paths is
as large as possible. The measurement for unambiguous
discrimination [46–49] serves this purpose.
In the present context of “asking particles where they
have been” (paraphrasing the title of Ref. [3]), unambigu-
7ous path knowledge is, as we will see, the most useful
and, therefore, Bob chooses the second strategy. After
performing the unambiguous discrimination of the path-
marker states AρA†, BρB†, and CρC†, he places a bet on
one of the three cases whenever he is sure which check-
point was visited. If Bob wins all his bets, the path
marker works correctly and the stored which-path infor-
mation is correctly extracted.
For the sake of simplicity and clarity of presentation,
we assume that the initial path-marker state is pure and
describe it by a wave function ψ, ρ =̂ ψψ†. The action of
A, B, or C yields corresponding wave functions ψA, ψB,
or ψC, each slightly different from ψ, in accordance with
AρA† =̂ ψAψ
†
A , BρB
† =̂ ψBψ
†
B , CρC
† =̂ ψCψ
†
C .
(25)
Following Vaidman [1], the “pointer variables” at check-
points A, B, and C are in the same initial state, with
which we associate the wave function χ0, and the uni-
tary operators A, B, and C have the same effect on their
respective pointers, changing χ0 to χ. Accordingly, we
have the wave function ψ = χ0 ⊗ χ0 ⊗ χ0 for the initial
path-marker state, and the final wave functions are
ψA = χ ⊗ χ0 ⊗ χ0 ,
ψB = χ0 ⊗ χ ⊗ χ0 ,
ψC = χ0 ⊗ χ0 ⊗ χ . (26)
The expectation values of Eq. (17),
〈A〉 = tr{ψAψ†}
〈B〉 = tr{ψBψ†}
}
= χ†0χ
(
χ†0χ0
)2
= χ†0χ , (27)
establish χ†0χ =
√
1− 3, so that
ψ†aψb = 1− 3+ 3δab for a,b=A,B,C, (28)
which confirms that checkpoints A, B, and C are on equal
footing. We note that (ψB−ψA)†ψC = 0 is a consequence
of the symmetric way of treating the three checkpoints.
Since only the three wave functions ψA, ψB, and ψC
are involved, we can use three-component columns for
them. A specific choice is
ψA
ψB
}
=
±
√
3/2
−√/2√
1− 2
 , ψC =
 0√2√
1− 2
 , (29)
where we use square parentheses for the columns of the
path-marker wave functions to avoid confusion with the
columns for the particle’s path amplitudes, such as the
columns in Eq. (24).
The error-minimizing measurement would allow Bob
to guess right for a fraction 13
(√
1− 2+ 2√)2 of the
particles [50] while never being certain about the path.
But he wants to know the path for sure before placing
his bet and, therefore, he employs the measurement for
unambiguous discrimination with the outcome operators
Πa = φaφ
†
a for the three cases a=A, B, or C and Π0 =
φ0φ
†
0 for the inconclusive outcome, where [47, 50]
φA
φB
}
=
 ±
√
1/2
−√1/6√
/(3− 6)
 , φC =
 0√2/3√
/(3− 6)

(30)
and
φ0 =
√
1− 3
1− 2
 00
1
 . (31)
We have
tr
{
Πaψbψ
†
b
}
=
∣∣φ†aψb∣∣2 = 3δab for a,b=A,B,C ,
tr
{
Π0ψaψ
†
a
}
= 1− 3 for a=A,B,C , (32)
which tell us that Bob gets the inconclusive result for a
fraction of 1− 3 of the particles, and then he has no
clue about the path, and does not place a bet. For the
remaining fraction of 3, he knows the path for sure and
wins his bet [51]. As expected, the weak path marking
( 1) does not store much which-path information in
the final path-marker state.
Here, then, is a more detailed account of the betting
game alluded to above. The source emits a particle into
the interferometer and the unitary operators A, B, and
C, acting at checkpoints A, B, and C, respectively, en-
tangle the path qutrit of the particle with the marker
degrees of freedom, on which Bob performs the measure-
ment of unambiguous discrimination. He either gets the
inconclusive result, in which case he does nothing, or he
finds one of the three conclusive results and then bets on
the respective path (“I bet that the particle went through
checkpoint B,” say).
Whenever Alice verifies the path, be it by the setup of
Fig. 4 or otherwise, she will confirm that Bob identified
the actual path correctly. This establishes, in a definite
operational sense, that Bob’s conclusive results are in
a strict one-to-one correlation with the particle’s path
through the interferometer. In this procedure, it does
not matter whether Alice first detects the particle and
Bob later performs the unambiguous discrimination, or
they do it in the reverse temporal order.
With beam splitters BS3 and BS4 in place, the final
state of the path marker, conditioned on detecting the
particle by D, is that of Eq. (11),
ρfin =
1
1 + 6
(
ψC + ψB − ψA
)(
ψC + ψB − ψA
)†
. (33)
The conclusive outcomes of Bob’s measurement for un-
ambiguous discrimination occur with equal probability,
tr{Πaρfin} =
3
1 + 6
for a=A,B,C, (34)
8and
tr{Π0ρfin} =
1− 3
1 + 6
(35)
is the conditional probability of getting the inconclusive
outcome. The equal probabilities of Eq. (34) are remi-
niscent of the equal heights of the three peaks in Fig. 3.
Do these equal probabilities tell us that one-third of the
particles went through checkpoint A on the way from the
source to the detector, another one-third through check-
point B, and the remaining one-third through checkpoint
C? No. This statement is correct only for those particles
for which Bob obtains definite path knowledge, which is
the very small fraction 91+6 of all particles. Bob cannot
say anything about the vast majority of the particles, for
which he gets the inconclusive outcome.
It is not possible to invoke a fair-sampling assump-
tion here (which is, however, an implicit assumption in
Ref. [3]; see also [19]) and so infer that the particles with
unknown path are as equally distributed over the three
paths as those with a known path. But it is possible to
argue that Bob gets the inconclusive result for particles
that went through checkpoint C.
B. An accounting exercise
This argument has two ingredients. First, we observe
that an interferometer phase ϕ introduced at checkpoint
C, i.e., replace ψC by e
iϕψC in Eq. (33), does not change
the probability that the next particle is detected by D,〈
T †finTfin
〉
=
1
9
tr
{(
eiϕψC + ψB − ψA
)(
eiϕψC + ψB − ψA
)†}
=
1
9
ψ†CψC +
1
9
(ψB − ψA)†(ψB − ψA) =
1 + 6
9
, (36)
where (ψB − ψA)†ψC = 0 enters. It follows that the
amplitudes that reach beam splitter BS4 from checkpoint
C and BS3 are incoherent. We must, therefore, add the
probabilities rather than the probability amplitudes.
Second, the probabilities of reaching beam splitter BS4
are 13 (for path C→BS4) and  (for path BS3→BS4), and
the reflection and transmission probabilities of BS4 are 13
and 23 , respectively. Indeed, the resulting probability
1
3
× 1
3
+
2
3
×  = 1 + 6
9
(37)
agrees with that in Eq. (36), with 19 associated with
checkpoint C and 69 with the internal loop. The cor-
responding fractions are
1
1 + 6
=
1− 3
1 + 6
+
3
1 + 6
for path C→BS4 (38)
and
6
1 + 6
=
3
1 + 6
+
3
1 + 6
for path BS3→BS4. (39)
BS3
BS4
from A
from B
from C
to D
F ǫ = 12ǫ +
1
2ǫ
1
3 =
(
1
3 − ǫ
)
+ ǫ
1
9 (1 + 6ǫ)
= 13 × 13 + 23 × ǫ
=
(
1
9 − 13ǫ
)
+ 3× 13ǫ
FIG. 5. Unambiguous path knowledge about particles de-
tected by detector D. The next particle to enter the three-
path interferometer is detected with probability 1
9
(1+6); see
Eq. (36). On the way to detector D, the particle either passes
checkpoint C with probability 1
3
and then has a 1
3
chance
of being reflected by beam splitter BS4, or it passes F with
probability  and then has a 2
3
chance of being transmitted by
BS4. The conclusive outcomes (purple, orange, green) of the
unambiguous path discrimination for these particles detected
by D identify the paths via checkpoints A, B, or C with equal
probability of 1
3

/
1
9
(1 + 6); see Eq. (34). Since that fully
accounts for the particles that took the path BS3→BS4→D,
the inconclusive measurement outcomes (gray) surely iden-
tify particles that followed the path C→BS4→D. In the limit
→ 0, all particles reach D via C. The intensities at the other
exit ports — exit i from BS3 and exit ii from BS4 — are not
indicated in the figure.
The fraction for path BS3→BS4 is fully accounted for
by the conclusive outcomes for checkpoints A and B in
Eq. (34), and the fraction for path C→BS4 is the sum of
the fraction for the conclusive outcome C and the fraction
for the inconclusive outcome in Eq. (35). This accounting
exercise suggests strongly that the fraction 1−31+6 of Bob’s
inconclusive outcomes is associated with particles that
passed checkpoint C. If this were indeed so, all particles
detected by D would have gone by checkpoint C in the
limit of → 0, fully consistent with the common-sense
reading of Fig. 2. The matter is summarized in Fig. 5.
We emphasize the great benefit of the unambiguous
path discrimination by the measurement with the out-
comes ΠA, ΠB, ΠC, and Π0 of Eqs. (30) and (31): While
the inconclusive outcome Π0 yields no path information
for the whole ensemble of particles emitted by the source
S, it provides definite path knowledge (via checkpoint C,
that is) for the subensemble of particles detected by de-
tector D; more about this in the next section. All of the
pre-selected and post-selected particles of interest have a
known path through Vaidman’s interferometer. We ask
these particles where they have been, and they all give a
definite answer.
9Whether one finds this reasoning convincing or regards
it as another appeal to common sense of no consequence,
it is certainly the case that the outcomes ΠA and ΠB ac-
count fully for the fraction of particles that reach beam
splitter BS4 via checkpoints A or B. How do we reconcile
the definitely known paths with the destructive interfer-
ence at BS3? True, destructive interference is only pos-
sible if the path cannot be known and, yet, there is no
contradiction here, as we shall see in Sec. VI.
In passing, we note another consequence of the lack
of coherence between the amplitudes for paths BS3→BS4
and C→BS4. If we block the path from checkpoint C to
beam splitter BS4 (or, equivalently, remove the entrance
beam splitter BS1), then we get a signal with a strength
proportional to  at detector D. This is in marked con-
trast to the experiment of Danan et al. [3], where the cor-
responding amplitudes are coherent — the electric field
vectors of the arriving partial beams just add to yield the
fields of the emerging beams — and, therefore, the power
spectrum in their Fig. 2(b) is proportional to their ana-
log of  while that in Fig. 2(c) is proportional to 2 and
buried in the noise; Fig. 4 in [22] illustrates this point.
C. Sorted subensembles
At an instant after unitary operators A, B, C acted
when the particle passed checkpoints A, B, C and before
the path amplitudes are processed by beam splitters BS3
and BS4, the entangled state of the path marker and the
particle has the wave function
1√
3
ψA ⊗
 10
0
+ ψB ⊗
 01
0
+ ψC ⊗
 00
1


=
1√
3
 ψAψB
ψC
 . (40)
Upon performing his measurement for unambiguous path
discrimination, Bob sorts the particles into subensembles
in accordance with the outcome he observes [52]. The
density matrices for the subensembles with known paths
(purple, orange, green in Fig. 5),
1
3
 φ†aψAφ†aψB
φ†aψC

 φ†aψAφ†aψB
φ†aψC

†
=
1
3
φ†a
 ψAψB
ψC

 ψAψB
ψC

†
φa (41)
for a=A,B,C, are rank-one projectors on their respective
paths with
1√
3
φ†A
 ψAψB
ψC
 = √
 10
0
 ,
1√
3
φ†B
 ψAψB
ψC
 = √
 01
0
 ,
1√
3
φ†C
 ψAψB
ψC
 = √
 00
1
 ; (42)
the strict one-to-one correspondence between Bob’s out-
come and the particle’s path is manifest here. We keep
the probability amplitudes of
√
 as overall factors in the
particle wave functions to remind us of the statistical
weights of the subensembles, as indicated by the thick-
ness of the purple, orange, and green lines in Fig. 5.
These three subensembles of particles with opera-
tionally known paths are supplemented by the fourth
subensemble for Bob’s inconclusive outcome (gray in
Fig. 5). Its density matrix is also a rank-one projector
with the wave function
1√
3
φ†0
 ψAψB
ψC
 = √1− 3
3
 11
1
 , (43)
which is exactly the  = 0 wave function of particles that
are not monitored while traversing the three-path inter-
ferometer [cf. Eq. (A.6)], multiplied by the probability
amplitude
√
1− 3 for the inconclusive outcome. No path
knowledge is available for the particles in this subensem-
ble.
The wave functions in Eqs. (40), (42), and (43) apply
before the particle reaches beam splitter BS3. The wave
functions after BS3 and before BS4 are
U3
1√
3
 ψAψB
ψC
 = 1√
6
 ψB + ψAψB − ψA√
2ψC
 (44)
for the entangled marker-particle state, and
1√
6
φ†x
 ψB + ψAψB − ψA√
2ψC
 for x=A,B,C, or 0 (45)
for the conditional particle states. In view of the eventual
conditioning on particles detected by detector D, we focus
on the components that are processed by beam splitter
BS4 and project out the then irrelevant path-i component, 0 0 00 1 0
0 0 1
 1√
6
φ†x
 ψB + ψAψB − ψA√
2ψC
 =
 01√6φ†x(ψB − ψA)
1√
3
φ†xψC

(46)
and so arrive at the conditional wave functions for the
four subensembles, namely√

2
 0−1
0
 , √ 
2
 01
0
 , √
 00
1
 (47)
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FIG. 6. Marking the path through the interferometer as in
Fig. 4. Now, beam splitter BS3 is in place but BS4 is still
removed. The conditional states of the marker degrees of
freedom are (B+A)ρ(B+A)†, CρC†, and (B−A)ρ(B−A)†,
respectively, upon detecting the particle at exit i, ii, or iii.
for x=A, B, and C, respectively, and
√
1− 3
3
 00
1
 (48)
for the inconclusive outcome. This confirms the con-
clusion reached by the accounting exercise of Sec. IV B:
Whenever Bob obtains the inconclusive outcome for a
particle detected by detector D, then this particle has
arrived at beam splitter BS4 along path iii, i.e., via check-
point C [53].
Finally, for the record, the entangled marker-particle
state at the exit stage of the three-path interferometer
— before the particle is detected at exit i, ii, or iii — is
U4U3
1√
3
 ψAψB
ψC
 =

1√
6
(ψB + ψA)
1√
18
(2ψC − ψB + ψA)
1
3 (ψC + ψB − ψA)
 , (49)
and the particle wave functions associated with the paths
through checkpoints A, B, and C are
√

6

√
3
1
−√2
 , √ 
6

√
3
−1√
2
 , √ 
3
 0√2
1
 , (50)
respectively, while the wave function
1
3
√
1− 3

√
6√
2
1
 (51)
applies to the particles with unknown path. Alice can
check which one is the actual path by an interferometric
measurement that discriminates between the three or-
thogonal wave functions in Eq. (50). This is an example
of the “otherwise” in the betting game between Eqs. (32)
and (33).
V. MORE WHICH-PATH KNOWLEDGE
Bob’s measurement with the outcome operators speci-
fied by Eqs. (30) and (31) distinguishes between the three
possible detection events of the setup in Fig. 4. In view
of Eq. (36), it appears to be more useful to tell apart the
three detection events of the setup in Fig. 6, where beam
splitter BS3 is in place while BS4 is not. Alice and Bob
then play the betting game described between Eqs. (32)
and (33), with the necessary modifications as they follow
from
1
6
B +A√2C
B −A
ρ
B +A√2C
B −A

†
(52)
for the joint state of the particle and the path marker
instead of the state in Eq. (24).
Here, Bob’s task is to discriminate between the three
path-marker states
ρi
ρiii
}
∝ (B ±A)ρ(B ±A)† = (ψB ± ψA)(ψB ± ψA)† ,
ρii ∝ CρC† = ψCψ†C , (53)
which have a priori probabilities of occurrence of
1
6
tr
{
(B ±A)ρ(B ±A)†} =

1
3
(2− 3) ,
 ,
2
6
tr
{
CρC†
}
=
1
3
, (54)
respectively [cf. Eq. (44)]. Much more useful than dis-
criminating between ρi, ρii, and ρiii, however, is a mea-
surement that tells ρii and ρiii apart because ρi is irrel-
evant for the particles detected by detector D in the full
setup of Fig. 1 with beam splitter BS4 in place. Accord-
ingly, the appropriate verification protocol is this: Alice
takes note of the particles detected at exits ii and iii in
the setup of Fig. 6, and challenges Bob to place a bet.
Since (ψB−ψA)†ψC = 0, Bob uses an orthogonal mea-
surement where the outcome operators Πj = φjφ
†
j for
j = i,ii,iii project on
φi =
 0−√1− 2√
2
 = ψA + ψB − 2(1− 3)ψC
3
√
2(1− 2) ,
φii =
 0√2√
1− 2
 = ψC ,
φiii =
 10
0
 = ψA − ψB√
6
, (55)
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which are such that
tr{Πiρii} = 0 , tr{Πiρiii} = 0 ,
tr{Πiiρii} = 1 , tr{Πiiρiii} = 0 ,
tr{Πiiiρii} = 0 , tr{Πiiiρiii} = 1 . (56)
It follows that Bob will never get outcome i; he bets
on exit ii when he gets outcome ii, and on exit iii for
outcome iii. As there are no inconclusive measurement
outcomes, Bob will place a bet for every particle detected
by Alice in exit ii or exit iii, and he wins all bets. That is:
He knows for sure, for each and every particle, whether
it went through checkpoint C (outcome ii) or took the
route through the internal loop (outcome iii).
Now, with beam splitter BS4 back in place, Bob exam-
ines the final path-marker state of Eq. (33) and he gets
outcomes i, ii, iii with the probabilities
tr{Πiρfin} = 0 ,
tr{Πiiρfin} =
1
1 + 6
,
tr{Πiiiρfin} =
6
1 + 6
. (57)
As we know, the particle’s probability amplitudes pro-
cessed by beam splitter BS4 refer to known paths — this
is the essence of Eq. (56) — and, therefore, they are in-
coherent and we add the probabilities rather than the
probability amplitudes. As we did in Eq. (37), we ac-
count for the reflection and transmission probabilities of
BS4, establish the a priori probabilities of being detected
by D as 19 and
2
3 for the particle arriving via checkpoint
C or the internal loop, respectively, and so confirm that
the probabilities in Eq. (57) are the correct relative fre-
quencies,
1
1 + 6
=
1
9
1
9 +
2
3
,
6
1 + 6
=
2
3
1
9 +
2
3
. (58)
In the limit → 0, Bob gets outcome ii for every particle,
i.e., every particle arrives at detector D via checkpoint C.
This is exactly what common sense tells us.
This confirms once more our conclusions reached by
the accounting exercise of Sec. IV B and the sorted-
subensembles argument of Sec. IV C: In the measure-
ment of Eqs. (30) and (31), all inconclusive results are
obtained for particles that passed checkpoint C before
reaching detector D; this measurement, then, provides
full path knowledge for every particle detected by D. The
extrapolation → 0 supports the common-sense conclu-
sion in Sec. II, which simply recognizes that there is only
one blue path from source S to detector D in Fig. 2.
With regard to the final path-marker wave function in
Eq. (33), these considerations establish that we should
read it as the superposition of the normalized wave func-
tions ψC for the path C→BS4→D and (ψB−ψA)/
√
6 for
the path BS3→BS4→D, that is
1√
1 + 6
(ψC + ψB − ψA)
=
1√
1 + 6
ψC +
√
6
1 + 6
ψB − ψA√
6
. (59)
Since ψC = φii and ψB−ψA = −
√
6 φiii are orthogonal,
this superposition refers to fully distinguishable alterna-
tives [see Eq. (57)], and in the limit of → 0 there is only
the path C→BS4→D.
VI. TWO-PATH INTERFEROMETER WITH
WEAK PATH MARKING
We return to the question raised at the end of Sec. IV
and focus on the two-path interferometer of the internal
loop. The scheme of a two-path experiment is sketched
in Fig. 7(a) where the unitary matrix for beam splitters
BS2 and BS3 is that of Eq. (1), only that we ignore the
third row and column in the present context, so that
U2 = U3 =
1√
2
(
1 1
−1 1
)
(60)
here. For the path marking, too, we now use a binary
degree of freedom (“qubit”) and represent the unitary
operators A and B as well as the initial path-marker state
ρ by two-by-two matrices. In particular, we choose
AρA†
BρB†
}
=̂
[√
1− 
∓√
][√
1− 
∓√
]†
,
AρB† =̂
[√
1− 
−√
][√
1− √

]†
, (61)
where  is the probability that the next particle emitted
by source S will reach detector D,
 = tr
{
TfinρT
†
fin
}
(62)
with Tfin =
1
2 (B − A). After detecting the particle, the
conditional final state of the path-marker qubit is
ρfin =
1

TfinρT
†
fin =̂
[
0 0
0 1
]
. (63)
Figure 7(b) depicts the situation with beam splitter
BS3 removed, in which we implement the analog of the
protocol for Fig. 4: Alice records whether the particle
took exit i or exit ii, and Bob measures the path-marker
qubit and then places a bet. His measurement for unam-
biguous discrimination has the outcome operators
ΠA
ΠB
}
=̂
1
2


1−  ∓
√

1− 
∓
√

1−  1
 (64)
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FIG. 7. Two-path interferometer. (a) Particles are emitted from source S, detected by detector D, and pass checkpoints A
or B on the way from S to D. (b) Beam splitter BS3 is removed for the verification that the discrimination between the final
path-marker states AρA† and BρB† correctly identifies the paths via checkpoints A and B. (c) In this analog of Fig. 2, the
blue lines indicate the probabilities for the particles that surely emerged from source S, and the red lines are for the particles
that will surely be detected by detector D.
for the paths identified by checkpoints A and B, and
Π0 =̂
1− 2
1− 
[
1 0
0 0
]
(65)
for the inconclusive measurement. Bob places a bet for
every conclusive outcome (fraction 2 of all cases) and
wins all the bets. He does not bet on the exit when he
gets the inconclusive outcome (fraction 1− 2).
With beam splitter BS3 in place and the particle de-
tected by D at exit ii, Bob’s outcome probabilities are
pA = tr{ΠAρfin} =
1
2
,
pB = tr{ΠBρfin} =
1
2
,
p0 = tr{Π0ρfin} = 0 . (66)
Since there are no inconclusive outcomes, Bob knows for
every particle detected by D whether it went through
checkpoint A or checkpoint B on its way from the source
to the detector.
If, rather than detecting the particle at exit ii, we de-
tect it at exit i, which will happen with probability 1− 
for the next particle, the conditional final state of the
path marker is
ρ′fin =
1
1− 
B +A
2
ρ
(B +A)†
2
=̂
[
1 0
0 0
]
, (67)
and Bob obtains his measurement outcomes with the
probabilities
p′A = p
′
B =
1
2

1−  and p
′
0 =
1− 2
1−  . (68)
That is: The small fraction 1− '  of the particles that
take exit i have a known path through the interferome-
ter while the path is unknown for the vast majority of
the particles (fraction 1−21− ' 1 − ). These particles
with unknown, and unknowable, paths exhibit interfer-
ence — perfect constructive interference for exit i, perfect
destructive interference for exit ii.
Accordingly, we have this full picture for the particles
observed after exiting from the interferometer: A fraction
pA+ p
′
A(1− ) =  of all particles passed checkpoint A
and half of them emerged from exit i, the other half
from exit ii. Another fraction pB+ p
′
B(1− ) =  surely
passed checkpoint B and half of them took exit i, the
other half exit ii. The remaining fraction p0+p
′
0(1−) =
1−2 consists entirely of particles with unknowable paths
through the interferometer and full interference strength;
they all emerged from exit i.
We can change the distribution of the interfering par-
ticles between the exits by introducing a phase ϕ into the
interferometer — formally by the replacement AρB† →
eiϕAρB† in Eq. (61). Then we observe interference
fringes with a visibility of 1− 2.
Here, then, is the answer to the question asked in
the next-to-last paragraph of Sec. IV B: The particles
that pass checkpoint F in the three-path interferometer
of Fig. 1 do not participate in the interference; all the in-
terfering particles take exit i at beam splitter BS3. There
really is no contradiction.
We arrive at this full picture thanks to the which-
path information acquired by the unambiguous path dis-
crimination, which enables us to sort the particles into
subensembles with either a surely-known path or an
unknowable path. The error-minimizing measurement
would provide information of another kind that is useful
for its own purpose but does not yield a definite answer
when “asking particles where they have been.”
As a final remark we note that the analog of Fig. 2
in Fig. 7(c) shows coexisting blue and red lines for the
interferometer loop but not between source S and beam
splitter BS2 (no red probability) nor between beam split-
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FIG. 8. Single-photon two-path interferometer with the path
marked on the polarization. Source S emits one photon at
a time, vertically polarized, into the interferometer. The
half-wave plates (hwps) rotate the polarization slightly, such
that the amplitude for vertical polarization is
√
1−  in both
paths, while the horizontal polarization has amplitude
√
 for
the photons passing through checkpoint A, and amplitude
−√ for those passing through checkpoint B. At each exit
port, a measurement for unambiguous discrimination (mud,
see Fig. 11) between the two polarization states is executed
when the photon is detected.
ter BS3 and detector D (no blue probability). Shall we,
therefore, adopt the narrative that the particle was inside
the loop but did not enter or leave? Certainly not. Fur-
ther, the weak values of the projectors on paths i and ii
at checkpoints A and B are ill-defined unless there is an
interferometer phase with eiϕ 6= 1. Then these weak val-
ues are 12 ± 12i cot ϕ2 , and Fig. 7(c) applies for 0 6= ϕ→ 0.
We do not offer a physical interpretation of these weak
values and leave the matter at that [54].
VII. SINGLE-PHOTON TWO-PATH
INTERFEROMETER WITH MARKED PATHS
AND UNAMBIGUOUS PATH KNOWLEDGE
A. The interfering photon carries the polarization
One experimental realization of the two-path interfer-
ometer of Fig. 7 with photons as the interfering particles
is sketched in Fig. 8, where we use the photon’s polar-
ization degree of freedom as the path-marker qubit. The
path-marker amplitudes v and h in
[
v
h
]
now refer to the
vertical and horizontal polarization, respectively, and all
photons are vertically polarized before entering the inter-
ferometer loop at beam splitter BS2.
Inside the interferometer, we have half-wave plates
(hwps) set at angles −θ in path i and θ in path ii,
with cos(2θ) =
√
1−  and sin(2θ) =
√
. The effect of
a half-wave plate on the two-component column of polar-
. ..............................................................................................
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..............................................................................................
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FIG. 9. Scheme of the photon-pair experiment. The source
emits an idler-signal pair of polarization-entangled photons
in a state determined by the  parameter of Eq. (61). The
signal enters the Mach–Zehnder interferometer (mzi) with a
polarization-to-path converter (ppc, see Fig. 10) at the en-
trance. The idler polarization is correlated with the signal
path through the mzi. The measurement for unambiguous
discrimination (mud, see Fig. 11) extracts this path informa-
tion from the idler polarization.
ization amplitudes is described by the two-by-two matrix
in [
v
h
]
hwp−→at θ
[
cos(2θ) sin(2θ)
sin(2θ) − cos(2θ)
][
v
h
]
. (69)
Therefore, we have the columns of Eq. (61) for the po-
larizations of the photons after the half-wave plates, so
that these polarizations are associated with the respec-
tive checkpoints. At each exit, the photons are detected
by a measurement for unambiguous discrimination (mud)
that has the three outcome operators of Eqs. (64) and
(65); its realization is described below (see Fig. 11).
In the verification mode of Fig. 7(b), beam splitter BS3
is removed. Alice knows which measurement for unam-
biguous discrimination detected the photon, while Bob is
told which outcome was found (0 or A or B) but not at
which exit.
The single-photon experiment of Fig. 8 correctly im-
plements the scheme of Fig. 7 but it suffers from the
drawback that the interfering particle is also the carrier
of the path-marker qubit. We cannot detect the parti-
cle (≡ the photon) without at the same time measuring
the path-marker qubit (≡ its polarization). Then, the
distinction between observers Alice and Bob is rather ar-
tificial: The verification described in the preceding para-
graph would require an arbiter who, after noting at which
of the six outcomes of both measurements for unambigu-
ous discrimination the photon was registered, informs Al-
ice about the exit and Bob about the outcome.
Therefore, an experimental implementation in which
the path qubit and the path-marker qubit are physically
separated and can be measured individually is desirable.
We describe such an implementation in the next section.
B. A partner photon carries the polarization
The scheme is presented in Fig. 9. The two-photon
source is of the kind pioneered by Kwiat et al. [55]
(see also [56]), in which spontaneous parametric down-
conversion produces photon pairs (“signal” and “idler”)
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FIG. 10. Conversion of a polarization qubit into a path qubit.
The polarizing beam splitter (pbs) reflects vertical polariza-
tion and transmits horizontal polarization; the half-wave plate
(hwp) at 45◦ turns the horizontal polarization into vertical
polarization. The overall effect is the conversion of the po-
larization qubit carried by the incoming photon into a path
qubit of a vertically polarized photon such that the amplitude
for the initial horizontal polarization becomes the amplitude
for path i, and the initial vertical-polarization amplitude be-
comes the path-ii amplitude.
in a polarization-entangled state with the wave function
√
1− 
[
1
0
]
⊗
[
1
0
]
+
√

[
0
1
]
⊗
[
0
1
]
, (70)
where the first factor in the tensor product is for the
idler polarization and the second for the signal polariza-
tion. Consistent with the meaning of the two-component
columns in Eq. (69) and Fig. 8, the probability for find-
ing both photons vertically polarized is 1− , and that
for both horizontally polarized is . Before leaving the
source, the signal traverses a half-wave plate set at 22.5◦,
which turns the wave function into√
1− 
2
[
1
0
]
⊗
[
1
1
]
+
√

2
[
0
1
]
⊗
[
1
−1
]
=
1√
2
[√
1− √

]
⊗
[
1
0
]
+
1√
2
[√
1− 
−√
]
⊗
[
0
1
]
, (71)
where we recognize the wave functions of Eq. (61) in the
idler factors. This is the polarization-entangled idler-
signal state emitted by the source.
The signal enters the Mach–Zehnder interferometer
loop, which has a polarization-to-path converter (ppc) at
the entrance. As explained in the caption to Fig. 10, it
turns the polarization qubit with the wave function
[
v
h
]
into a path qubit with the wave function
(
h
v
)
. Accord-
ingly, the idler-signal pair of photons is then prepared in
the state
1√
2
[√
1− 
−√
]
⊗
(
1
0
)
+
1√
2
[√
1− √

]
⊗
(
0
1
)
, (72)
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FIG. 11. Unambiguous discrimination of two polarization
states. At the entrance, a polarizing beam splitter (pbs1)
separates the amplitude h for horizontal polarization from
the amplitude v for vertical polarization. The horizontally
polarized component is converted to vertical polarization by
a half-wave plate at 45◦ (hwp1) and then reaches the symmet-
ric beam splitter sbs. It is re-united there with the vertical-
polarization amplitude v, diminished in strength by the com-
bined effect of hwp2, set at angle θ, and pbs2. The hori-
zontally polarized amplitude v sin(2θ) introduced by hwp2 is
transmitted by pbs2 and may then trigger a detector (out-
come 0). The two other detectors (outcomes A and B) re-
spond to photons at the exit ports of sbs.
which is exactly the situation depicted in Fig. 8 after
the photon has passed checkpoints A or B, except that
now the polarization is that of the partner photon (idler)
rather than the Mach–Zehnder-interfering photon (sig-
nal). The further fate of the signal is either as in Fig. 7(a)
when the interferometer is closed and we condition on de-
tecting the photon at exit ii, or as in Fig. 7(b) when beam
splitter BS3 is removed and the photon can be detected at
exit i or at exit ii. With a suitably long delay line in the
signal path from the source to the interferometer, it is
possible to postpone Alice’s decision between the “wave
mode” of Fig. 7(a) and the “particle mode” of Fig. 7(b)
until after Bob has measured the idler polarization and
announced whether he bets on one of the signal paths or
not.
The fate of the idler is different. We examine its polar-
ization with the measurement for unambiguous discrim-
ination (mud) with the outcome operators of Eq. (64)
for the conclusive results and the outcome operator of
Eq. (65) for the inconclusive result. This measurement
can be implemented by the setup of Fig. 11; see [48] or
[57] for similar but different setups.
An idler with initial polarization state
[
v
h
]
is detected
by the three detectors with the probabilities
pa =
1
2
∣∣v cos(2θ)− h∣∣2 for outcome A ,
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FIG. 12. Measurement for error minimization. The idler
passes through the half-wave plate (hwp) at 22.5◦ and is then
sent to one of the two detectors by the polarizing beam split-
ter (pbs). We bet on signal path i (checkpoint A) if detector A
registers the idler, and on path ii (checkpoint B) if detector B
fires.
pb =
1
2
∣∣v cos(2θ) + h∣∣2 for outcome B ,
p0 =
∣∣v sin(2θ)|2 for outcome 0 , (73)
where θ is the angle at which the half-wave plate hwp2 in
Fig. 11 is set. Both polarization states to be distinguished
have v =
√
1− , and there is h = −√ for signal path i
(checkpoint A) or h =
√
 for signal path ii (checkpoint
B). Therefore, the choice cos(2θ) =
√
/(1− ) ensures
unambiguous discrimination:
pa =
{
2 for checkpoint A,
0 for checkpoint B,
pb =
{
0 for checkpoint A,
2 for checkpoint B,
p0 = 1− 2 for both checkpoints. (74)
Prior to performing the experiment of Fig. 9, one
should verify that the setup is properly aligned. For
this purpose, we vary the phase in the Mach–Zehnder
interferometer and record the interference pattern to con-
firm that the fringe visibility is 1− 2. We also measure
the idler polarization with the error-minimizing measure-
ment [45] of Fig. 12 that maximizes our chance of guess-
ing the path right [58, 59] and so confirm that we guess
right for the fraction 12 +
√
(1− ) of all signals.
The experiment of Fig. 8, in the version of Figs. 9 to 12,
has been performed and the results are in full agreement
with the theoretical predictions [38]. In particular, the
experiment confirms that every signal detected at exit ii
has a known path through the interferometer irrespective
of the value of .
VIII. SINGLE-PHOTON VERSION OF THE
EXPERIMENT BY DANAN ET AL. [3]
In the three-path interferometer of Figs. 1, 2, 4, and
6, we have the wave function in Eq. (40) for the entan-
gled state of the interfering particle and the path marker
after unitary operators A, B, C acted when the particle
passed checkpoints A, B, C and before the path ampli-
tudes are processed by beam splitters BS3 and BS4. That
is, Eq. (40) refers to the state of affairs depicted in Fig. 4
before the particle is detected at one of the exit ports
or the path marker is measured for unambiguous path
discrimination. Now, just as we did in Sec. VII B for the
two-path interferometer of Figs. 7–10, we can also here
ask: Which pre-entangled initial state Ψini for the path
marker and the particle would yield Eq. (40) upon the
action of U2U1 on the particle’s path amplitudes? The
answer is
Ψini =
(
U2U1
)† 1√
3
 ψAψB
ψC

=
1√
18
 −
√
3(ψB − ψA)
2ψC − ψB − ψA√
2(ψC + ψB + ψA)

=
√

 10
0
⊗
 10
0
+√
 01
0
⊗
 01
0

+
√
1− 2
 00
1
⊗
 00
1
 , (75)
as illustrated by Fig. 13.
This observation suggests the following proposal for a
single-photon version of the experiment by Danan et al.
[3], an analog of the signal-idler scheme of Sec. VII B.
There, we have the path qubit of the signal entangled
with the polarization qubit of the idler; here, the path
qutrit of the signal is entangled with a path qutrit of
the idler. The signal traverses Vaidman’s three-path in-
terferometer, and the idler is measured either in accor-
dance with Eqs. (30)–(35) for the purpose of unambigu-
ous discrimination of the signal path or in accordance
with Eqs. (55)–(57) for the defense of common sense.
The entangled idler-signal state of Eq. (70) uses a sin-
gle pair of corresponding propagation directions on the
cone of down-converted photons emitted by the double-
crystal that converts photons from the short-wavelength
pump beam into long-wavelength entangled photon pairs
[55]. We now use two pairs of corresponding propagation
directions and have the idler-signal wave function
1√
2
[(√

1− 
[
1
0
]
⊗
[
1
0
]
+
√
1− 2
1− 
[
0
1
]
⊗
[
0
1
])
⊗ ψk1
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FIG. 13. The preparation stage of Vaidman’s interferometer
produces an equal-weight superposition of the particle’s three
paths and entangles the particle with the path marker. The
entangled particle–path-marker state of Eq. (40), which de-
scribes the situation after the particle has passed checkpoints
A, B, or C, can be realized by the action of beam splitters
BS1 and BS2 on the pre-entangled state Ψini of Eq. (75).
+
(√

1− 
[
1
0
]
⊗
[
1
0
]
+
√
1− 2
1− 
[
0
1
]
⊗
[
0
1
])
⊗ ψk2
]
,
(76)
where the tensor products of the two-component columns
have the same meaning as in Eq. (70) and the spatial
wave functions ψk1 and ψk2 refer to the respective prop-
agation directions, specified by the signal wave vectors
k1 and k2. The probability amplitudes of
√
/(1− ) for
the vertical-vertical components and
√
(1− 2)/(1− )
for the horizontal-horizontal components are adjusted by
setting the polarization of the pump beam accordingly.
We remove the
[
0
1
]
⊗
[
0
1
]
⊗ψk1 component by a polar-
izer in the first path of the signal (or in the corresponding
idler path) and so reduce the wave function in Eq. (76)
to
√

[
1
0
]
⊗
[
1
0
]
⊗ ψk1
+
(
√

[
1
0
]
⊗
[
1
0
]
+
√
1− 2
[
0
1
]
⊗
[
0
1
])
⊗ ψk2 . (77)
The ψk1 component has the idler and the signal vertically
polarized, and the same is the case for the ψk2 component
after converting the polarization qubits to path qubits as
in Fig. 10. We then have the wave function
Ψini =
√

 10
0
⊗
 10
0
+√
 01
0
⊗
 01
0

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FIG. 14. Scheme of the single-photon version of the exper-
iment by Danan et al. [3]. The source prepares idler-signal
pairs in the path-entangled state of Eq. (78). The signal tra-
verses Vaidman’s three-path interferometer of Fig. 1. The
idler enters the apparatus for the measurement for unam-
biguous discrimination (mud), by which we gain information
about the path taken by the signal.
+
√
1− 2
 00
1
⊗
 00
1
 (78)
for the initial path-entangled idler-signal state where the
column entries are path-qutrit probability amplitudes.
This Ψini has exactly the structure of the Ψini in Eq. (75),
with the unspecified path-marker qutrit now identified
with the path qutrit of the idler.
The source in Fig. 14 prepares the idler-signal pairs in
the path-entangled state of Eq. (78). The signal is fed
into Vaidman’s three-path interferometer, operated with
two, three, or all four beam splitters as depicted in Fig. 4,
Fig. 6, or Fig. 1, respectively. The idler is measured
for unambiguous discrimination of the three signal paths
identified in Fig. 4, or for unambiguous discrimination of
exits ii and iii in Fig. 6.
The unambiguous discrimination of the three idler
states with the wave functions of Eq. (29) is achieved
by the setup of Fig. 15. In a first step, a half-wave plate
set at angle θ with cos(2θ) =
√
/(1− 2) converts the
path-iii amplitude of
√
1− 2 into amplitude √ for ver-
tical polarization and amplitude
√
1− 3 for horizontal
polarization. A polarizing beam splitter guides the hori-
zontal component to the “0” detector of the inconclusive
outcome which, we recall, indicates path iii for signals
detected by D when all four beam splitters are in place
in Vaidman’s interferometer. The overall effect on the
remaining probability amplitudes of the path qutrit of
the vertically polarized idler is the transition
 zizii√
1− 2
→
 zizii√

 (79)
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FIG. 15. Unambiguous discrimination of the three states of
the idler path qutrit. The arriving idler is vertically polarized.
A half-wave plate, in conjunction with a polarizing beam split-
ter, reduces the path-iii amplitude from
√
1− 2 to √ before
the idler enters a copy of the preparation stage of Vaidman’s
interferometer. The idler is detected after being processed by
beam splitters BS1 and BS2 to yield unambiguous information
whether the signal passed checkpoint A, B, or C. The horizon-
tally polarized component introduced by the half-wave plate
accounts for the inconclusive outcome.
where
(
zi
zii
)
=

( √
3/2
−√/2
)
for signal checkpoint A,(
−√3/2
−√/2
)
for signal checkpoint B,(
0√
2
)
for signal checkpoint C.
(80)
These three columns of idler-path-qutrit amplitudes are
pairwise orthogonal and make up a three-by-three matrix
that is proportional to (U2U1)
†,

√
3/2 −√3/2 0
−√/2 −√/2 √2√

√

√

 = √3 (U2U1)† . (81)
Therefore, the application of U2U1 turns the three
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FIG. 16. The orthogonal measurement that distinguishes the
idler-path-qutrit states of Eq. (55). Upon detection of the
idler at exits “c” or “f”, we know that the signal reached
beam splitter BS4 via checkpoints C or F in Fig. 1, respec-
tively, before being detected by detector D. No idler is de-
tected at the third exit.
columns into single-path columns,
U2U1
 zizii√

 =

√30
0
 for signal checkpoint A,
 0√3
0
 for signal checkpoint B,
 00√
3
 for signal checkpoint C,
(82)
and this mapping is realized by the preparation-half of
Vaidman’s interferometer in Fig. 15. Without elaborat-
ing on this, we note in passing that the minimum-error
measurement is performed by the setup of Fig. 15 with
the half-wave plate, the polarizing beam splitter, and de-
tector “0” removed.
The orthogonal measurement that distinguishes the
three idler states with the wave functions of Eq. (55) is
realized by the setup of Fig. 16. For φiii, we simply detect
the idler in path i. For φi and φii, we convert the path
qubit of the idler paths ii and iii with the probability
amplitudes zii and ziii into a polarization qubit (the re-
versal of the polarization-to-path conversion in Fig. 10),
then rotate the polarization by a half-wave plate set at
θ with cos(2θ) =
√
1− 2 and sin(2θ) = √2, and finally
use a polarizing beam splitter to separate the resulting
vertical and horizontal components.
IX. SUMMARY
Our analysis of Vaidman’s three-path interferometer
with weak path marking has established that common
sense does not mislead us. If there is only one path
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available for the particle’s journey from the source to
the detector, then this path is indeed taken. Such state-
ments about the actual path through the interferometer
are meaningful only if they represent path knowledge ac-
quired by a suitable observation. Here, this is achieved
by examining the faint traces left by the particle on its
way from the source to the detector. Depending on which
information we wish to gain, we examine these traces by
one measurement or another. In the case of Vaidman’s
interferometer, we can know for each particle detected by
D whether it arrived via the internal loop or not. In the
limit of ever fainter traces, all detected particles bypass
the loop — exactly as common sense tells us. Vaidman’s
criterion (5) does not correctly identify the path taken
by the particle. These conclusions can be confirmed by a
single-particle version of the experiment by Danan et al.
[3]; we propose an explicit scheme for that. Finally, we
note that others have also concluded, with a variety of
arguments, that the common sense reasoning is all right,
notably Li et al. [4], Sokolovski [22], and Griffiths [23].
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Appendix: Miscellanea
For reference, we report some technical details here. This could be helpful for a reader who wants to confirm various
statements in the text “on the fly.”
The three ways of splitting the overall unitary operator
U4U3U2U1 =
1
3
 0 −
√
3
√
6√
3 2
√
2
−√6 √2 1
 (A.1)
in the rows of Table I are
U4
(
U3U2U1
)
=
1√
3

√
3 0 0
0 −1 √2
0
√
2 1
 1√
3
 0 −1
√
2
−√3 0 0
0
√
2 1
 (A.2)
and
(
U4U3
)(
U2U1
)
=
1√
6

√
3
√
3 0
1 −1 2
−√2 √2 √2
 1√
6

√
3 −1 √2
−√3 −1 √2
0 2
√
2
 (A.3)
as well as
(
U4U3U2
)
U1 =
1√
3
 0
√
3 0
1 0
√
2
−√2 0 1
 1√
3

√
3 0 0
0 −1 √2
0
√
2 1
 . (A.4)
Correspondingly, the overall probability amplitude 00
1

†
U4U3U2U1
 00
1
 = 1
3
(A.5)
can be calculated by five different inner products,
1
3
=
 00
1

†
1
3

√
6√
2
1
 = 1√
3
 0√2
1

†
1√
3

√
2
0
1
 = 1√
3
−11
1

†
1√
3
 11
1
 = 1√
3
−
√
2
0
1

†
1√
3
 0√2
1

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=
1
3
−
√
6√
2
1

† 00
1
 . (A.6)
Each of these products stands for a probability amplitude of the form 〈bwd|fwd〉 between a “forward-in-time ket”
|fwd〉 and a “backward-in-time” bra 〈bwd|. The blue intensities in Fig. 2 are proportional to the squares of the
amplitudes in the columns that represent the |fwd〉 kets, and likewise for the red intensities and the amplitudes of
the rows for the 〈bwd| bras. The weak values in Table I are the normalized matrix elements
〈bwd|X|fwd〉
〈bwd|fwd〉 = 3〈bwd|X|fwd〉 with X =̂
 1 0 00 0 0
0 0 0
 or
 0 0 00 1 0
0 0 0
 or
 0 0 00 0 0
0 0 1
 (A.7)
for paths i, ii, and iii, respectively.
With unitary operators A, B, C, E, and F marking the path, the overall unitary operator is
U4
 1 0 00 F 0
0 0 1
U3
A 0 00 B 0
0 0 C
U2
 1 0 00 E 0
0 0 1
U1 = 1
6
 −3(B −A) −
√
3(B +A)E
√
6(B +A)E√
3F (B +A) 4C + F (B −A)E √2[2C − F (B −A)E]
−√6F (B +A) √2[2C − F (B −A)E] 2[C + F (B −A)E]
 ,
(A.8)
and the analog of Eq. (A.5), 00
1

†
U4
1 0 00 F 0
0 0 1
U3
A 0 00 B 0
0 0 C
U2
 1 0 00 E 0
0 0 1
U1
 00
1
 = 1
3
[
C + F (B −A)E] , (A.9)
can be calculated by eight different inner products,
1
3
[
C + F (B −A)E] =
 00
1

T
1
6
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√
6(B +A)E√
2
[
2C − F (B −A)E]
2
[
C + F (B −A)E]
 = 1√
3
 0√2
1

T
1√
6
 (B +A)EF (B −A)E√
2C

=
1√
3
 0√2F
1

T
1√
6
 (B +A)E(B −A)E√
2C
 = 1√
3
−FF
1

T
1√
3
 AEBE
C

=
1√
3
−FAFB
C

T
1√
3
EE
1
 = 1√
6
−F (B +A)F (B −A)√
2C

T
1√
3
 0√2E
1

=
1√
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2C

T
1√
3
 0√2
1
 = 1
6
 −
√
6F (B +A)√
2
[
2C − F (B −A)E]
2
[
C + F (B −A)E]

T 00
1
 , (A.10)
which one could again read as bra-ket products of the 〈bwd|fwd〉 kind only that now the various column entries are
operators acting on the degrees of freedom used for the path marking, whereas the column entries in Eq. (A.6) are
probability amplitudes for the three paths.
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